ENTIRE FUNCTIONS OF POLYNOMIAL GROWTH

Liouville’s theorem, one derivative and one power at a time

Drew M. Schaffner

I STATEMENT

THEOREM 1.1 (Polynomial growth). Let [ be entire and k > 0 an integer. The following are equivalent:
(a) [ is a polynomial of degree at most k;
(b) f(k) is bounded on C;

(c) there are constants A, B > 0 with |f (z)| < A + Bl2|* forall z € C.

The case £ = 0 of (c) = (a) is Liouville’s theorem.

2. SETTING

We use two standard facts about an entire function f* [1, ch. 4—s]: it equals its Taylor series /(2) = 3,50 @,2"
onallof C, witha, = f (#)(0)/n!, and its derivatives are again entire.

LEMMA 2.1 (Cauchy’s estimate). If f is entire and M(R) = max,|=r|f (2)|, then |a,| < M(R)/R” for
every R > 0 and n > 0.

Proor. By Cauchy’s integral formula for derivatives on the circle [z| = R,
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3 IDEA OF THE PROOF

Growth of f controls its Taylor coeflicients through Lemma 2.1. If / grows no faster than |2|, every coefficient
beyond 4, is crushed to zero as R — oo.

4 PROOF

(c)= (a). For R > 1wehave M(R) < A + BR¥, so for n > k, Lemma 2.1 gives
A+BR* 4 B
== 4 ——0
R R* = Rk Row
Hencea, = Oforallz > k,and f(2) = Zkzo a,2". [
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(b) = (a). The function f (%) s entire and bounded, so it satisfies (c) with exponent 0. By the case already
proved, it is a constant c. Thenf(”) = 0forn > k,soa, =f(”) (0)/n! = 0forn > k. [

(a) = (b)and (c). Iff(z) = Zkzo a,2", thenf(k) = k! a; is constant. For (c), note that |z|” < 1 + |z|* for

n

0 < 7 < k, since one of 1 and |z| is at least |z|". So If(2)] < Xla,l(1+ |2|F). [ |
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s REMARKS
COROLLARY s.1 (Sublinear growth). If f is entire and f (z) [z — 0 asz — oo, then f is constant.

Proor. By Lemmaz.awithn =1,|a;| < M(R)/R — 0,andforn > 2,|a,| < M(R)/R" < M(R)/R — 0
once R > 1. [

Remark s.2. Nothing like this holds for real functions. The function sin x is smooth on R and all of its derivatives
are bounded by 1, but it is not a polynomial. Its complex extension is unbounded in every direction except the
real axis: [sin(#y)| = [sinh y|. Bounding a function on the real line says nothing about the complex plane, and
Liouville’s theorem needs the whole plane.

Remark s.3. Read contrapositively, (c) = (a) says that an entire function that is not a polynomial, such as ¢?,
outgrows every power: for each £ there is a sequence z; — oo with |f(z;)|/ |zj|k — oo,
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