LIOUVILLE’S THEOREM

Complex Analysis, Theorem 3.2

Drew M. Schaffner

THEOREM 3.2 (Lionville’s theorem). A bounded entire function is constant.

Source: [1, ch. 4]

Proor. Suppose |[f| < M on C. Fix z¢. For every R > 0, Theorem 3.1 with z = 1 gives |/’ (z0)| < M/R.
Letting R — oo gives /" (29) = 0. So f” = 0 on the connected set C, and f is constant. [
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