TERMWISE DIFFERENTIATION

Complex Analysis, Theorem 6.1

Drew M. Schaffner

THEOREM 6.1 (Termuwise differentiation). Suppose f (z) = Y.0rq an(z — 20)" bas radius of convergence
R > 0. Then f is analyticon |z — zo| < R, and
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f@) =) nan(z=z)"",

n=1

where the differentiated series also bas radius of convergence R.

Source: [1, ch. 5]

Proor. Translating, we may take 2o = 0.

Same radius. Since n'!" — 1,

lim sup|mz,l|l/’Z = lim supIdnll/”,
71— 00 n—oo

50 Y, na,2" ! has radius R by Theorem s.1. Similarly, 3} 7(% — 1)|,,|7"~* converges for every 0 < » < R.

The derivative. Fix |z| < R, choose » with |z| < » < R, and let g(2) = X, na,2" . For |w| < r with w # z,

f—(W) :j;(Z) -g(2) = Zﬂn (w:} : < - nz”_l).
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w—z
the bracket is at most

Expanding w2 7:_01 w/z""17/, the bracket equals Z]”:_ll 271 (w — ). Since |/ — #| < @ Hw — 2|,

s =l o nn=1) ,_,
|lw—z| 7 jz_;]—|w—z| 5 r

in modulus. Hence

(w) - f(2) lw—2| < n-2
’fwT—g(z) < 5 ;n(n—l)ld,,lr — 0 asw oz
So f”(2) = g(z) exists at every point of the disc. That s, / is analytic there. [
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